Introduction
Let us recall that the loop S is called a Bol loop if it satisfies the right Bol identity ((xy)z)y = x((yz)y)
for all x, y, z ∈ S. The Bol loop is called a Moufang loop if it satisfies the left Bol identity y(z(yx)) = (y(zy))x;
note that a Bol loop is monoassociative and satisfies the right inverse property. It being known that if a Bol loop satisfies the left inverse property, then it is a Moufang loop. The Bol loop S is simple if it has no (non-trivial) proper homomorphic images, or equivalently, if it has no proper normal subloops. Let S be a finite simple Bol loop. Of course if S is associative, then S is a simple group. The classification of finite simple groups is known [1] . This is either a cyclic group of prime order or an alternating group of degree n 5 or a group of Lie type or one of the twenty-six sporadic groups. All finite simple nonassociative Moufang loops are also known [2] . Every such loop is a homomorphic image of the loop of all invertible elements of split Cayley-Dickson algebra over GF (q).
We will say that a finite simple Bol loop is classical if its right multiplication group is not a sporadic group with an involutory outer automorphism. The purpose of this paper is to prove the following assertion:
Theorem. Every finite simple classical Bol loop is Moufang.
The paper is organized as follows. In Section 2 we consider a typical situation of symmetric spaces abstract theory: the group G equipped with an involutory automorphism, and a symmetric space structure on G defined by this pair. This symmetric space is naturally associated with some symmetric space S, and sufficient conditions such that a natural binary composition transforms S into Bol loop (or Moufang loop) are found. In Section 3, among the groups that are led to the given Bol loop by this construction, we build an universal group such that all other groups are its homomorphic images. It permits to give a simplicity criterion of the loop S. In Section 4 we prove the theorem.
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Groups with (σ, ϕ)-property
Let us recall that the binary system S is called a symmetric space if it satisfies the identities
A symmetric space with the distinguished point e ∈ S is called a pointed symmetric space, and e is a basic point of S. Any subset T of a group G such that 1 ∈ T and xy −1 x ∈ T for all x, y ∈ T is a pointed symmetric space. This symmetric space is called a twisted subgroup of G. If a twisted subgroup generates G then it is called a generating twisted subgroup of G. Endomorphisms and automorphisms of symmetric spaces are defined in the usual way; in the case of pointed symmetric spaces the additional requirement for image of basic point to be the basic point is included. By induction, we can define degrees of x (with respect to the basic point e): x 0 = e, x 1 = x, x n+2 = x.(e.x n ) and x −n = e.x n . It is obvious that the map x → x −1 is an automorphism of a symmetric space. Suppose G is a group admitting an involutory automorphism σ, I σ is a set of fixed points of σ, and
It is easy to prove that the set G σ and the set of right cosets G/I σ of I σ are symmetric spaces with respect to the products x.y = xy −1 x and
respectively. Besides, the map ψ : G/I σ → G σ defined by the equality ψ(I σ x) = x −1 x σ is an isomorphism of the symmetric spaces. Now let N be a subgroup of G generated by the set G σ . Suppose there exists the homomorphism ϕ : N → G such that
for all x ∈ G σ , 3) every coset Ig, where I = I σ ∩ ϕ(N ) and g ∈ ϕ(N ), contains at least one element of ϕ(G σ ).
(Here and everywhere below the expression G = M means that the group G is generated by the set M ). In such case we shall say that G is a group with the (σ, ϕ)-property or a (σ, ϕ)-group. In addition, everywhere below we shall denote by N and I the defined above subgroups of the (σ, ϕ)-group G, and by H σ and H ϕ the images σ(H) and ϕ(H) of any subgroup H in G.
It is easily shown that for each coset Ig there exists exactly one element of
Denote by G + the group G considered as a pointed symmetric space with the product x.y = xy −1 x and the basic point 1. Since restriction of the homomorphism 2 N → G of groups induces the homomorphism G σ → G + of pointed symmetric spaces, it follows that we can choose an abstract symmetric space S isomorphic to ϕ(G σ ). Let P : S → ϕ(G σ ) be the corresponding isomorphism. Then for each coset Ig there exists exactly one element x ∈ S such that
(Here and everywhere below we use the symbol P x instead of P (x).) Therefore we can define a permutation representation of Proof. We fix the basic point e in S. Since a homomorphism of pointed space moves a basic point to basic, it follows that P e = 1 and P x −1 = P −1
x . Therefore, ex = x = xe and (yx)x −1 = y. Further, P x.y −1 = P x P y P x . Hence, x.y −1 = (xy)x and z((xy)x) = ((zx)y)x. Thus, S is a right Bol loop with the identity element. We shall show that the equation ax = b has an unique solution in S. Indeed, if the solution is exists, then it is unique, as a −1 ((ax)a) = xa and hence, x = (a −1 (ba))a −1 . On the other hand, a((a −1 (ba))a −1 ) = b. Therefore the solution is exists. Hence, S is a Bol loop.
Hence, IP x L y = IP (y −1 x)y −1 . Thus we have the representation x → xL y = (y −1 x)y −1 of N on S. On the other hand,
Thus the Bol loop S is a loop with invertible, i.e. a Moufang loop. This proves the proposition.
It is obvious that the generators P x and R x = P σ x −1 of any (σ, ϕ)-group G satisfy the following identities:
Corollary 1. If G is a group with a (σ, ϕ)-property, then the subgroup I is generated by the elements P x,y = P x P y P −1 xy , there x, y ∈ S. In particular,
Proof. Let H = P x,y | x, y ∈ S and K = {g ∈ N ϕ | eg = e}, where e is the identity element of S. Obviously, H ⊆ I ⊆ K. We shall show that
. . P x n and the assertion is proved by induction.
We shall say that the (σ, ϕ)-group G and the Bol loop S = S(G) constructed by G are associated. If H is a subgroup of G, then let
It is obvious that H G is a greatest normal subgroup of G lying in H. The subgroup
φ)-group if and only if H is a ϕ-admissible subgroup in G. The loopS associated withḠ is a homomorphic image of S = S(G). Besides,S ≃ S if and only if
It is obvious thatḠ is a (σ,φ)-group. Conversely, ifḠ is a (σ,φ)-group, then the mapφ is homomorphism with the kernel Ker(ϕ) = M/K ϕ . Therefore, K ϕ ⊆ M . Using the map P x → P x M , we can construct the homomorphism S →S. In this case S ≃S if and only if the elements of M trivially act on S or equivalently on the cosets of I. The statement is proved. Now let G be a (σ, ϕ)-group associated with the Bol loop S, and let
where
x and x, y ∈ S. Using the obvious identity
x it is easy to show that the set of all L x generate a σ-invariant subgroup N in G. Further, letσ be an automorphism of N ϕ induced by the automorphism of N . Consider the isomorphic imagesN ϕ andĪ of N ϕ and I respectively arising as the map σσ :
and Pσ
SupposeS is a symmetric space isomorphic to S. As above, we can define a binary composition onS setting xy = z ifĪR x R y =ĪR z . Obviously, such composition turnsS to a Bol loop that is isomorphic S. Further, let
Proposition 1. If S is a Bol loop associated with the (σ, ϕ)-group G, then the multiplication group Gr(S) of S is a homomorphic image of G. The kernel of the homomorphism is
and
Since any element of G is represented as a word of R x and L x , we prove by induction that every coset of J has the element R x for some x ∈ S. Further, if JR x = JR y , then R xy −1 ∈ J. On the other hand, the intersection J ∩N ϕ =Ī. Therefore R xy −1 ∈Ī and hence, P xy −1 ∈ I. It is possible only if x = y. Hence, every coset of J in G has exactly one element R x for every x ∈ S.
Thus, we can define a binary composition on the set of cosets of J setting xg = z if JR x R y = JR xy . Noting that JR x = JL x , we have
Therefore the multiplication group Gr(S) of S is a homomorphic image of G. The kernel of the homomorphism is the set of elements which induce the trivial permutation on S or equivalently on cosets of J. Obviously, this kernel is the subgroup J G . This completes the proof of Proposition 1.
Suppose J σ Σ is a semidirect product of J σ and Σ = σ . Since the intersection 
Then the loopsS(G/H) and S(G) is isomorphic if and only if
H ⊆ (J σ Σ) G .
Structure of (σ, ϕ)-groups
Suppose S is a Bol loop, and G(S) is a group with the set of generators P x , R x , where x ∈ S, and the relations (1) -(4) . Obviously, G(S) admits an involutory automorphism σ given by P Proof. Let N be a subgroup in G = G(S) generated by all
x , where x ∈ S. We rewrite the identity (4) in the forms
x . Obviously, N is a σ-invariant normal subgroup of G. Let W be an element of G represented as a word of P x and R x , where x ∈ S. Then
Hence, using the induction on length of the word W , we get
Further, since A 1 P x P y = A 1 P xy , it is obvious that each right coset A/A 1 contains element P x for some x ∈ S. Now consider the homomorphism π of G onto A such that π(a) = a and π(b) = b σ for all a ∈ A and b ∈ B. It is obvious that Ker(π) = N . Therefore the crossings N ∩ A and N ∩ B are trivial. Hence (see [3] ), N is a free group. On the other hand, there exists the homomorphism of A onto the right multiplication group of S such that each generator P x turns to the right multiplication operator on x in S. Therefore, P x ∈ A 1 only if x = e, there e is the identity element of S, and P x P y ∈ A 1 only if y = x −1 . Hence the subgroup N is freely generated by the elements L x , where x ∈ S and x = e, and therefore the mapping L x → P x defines a homomorphism ϕ of N onto A. Thus, G is a (σ, ϕ)-group. It follows from Theorem 1 that S( G(S)) = S.
Further, let G be another (σ, ϕ)-group such that S(G) = S. Then G has the set of generators P x and R x (x ∈ S) satisfying the relations (1)-(4) . Hence, G is a homomorphic image of G. This completes the proof Theorem 2. Since ( J σ Σ) G is a maximum (σ, ϕ)-admissible normal subgroup of G, it follows that G 0 is the minimal group associated with the loop S. Further, the group G = x, x σ | x ∈ N ϕ and the intersection I x ∩ I = I Proof. By Corollary 1 to Theorem 2, it follows that (I 0 ) N ϕ 0 = 1. Therefore, if H is a proper (σ, ϕ)-admissible normal subgroup of G 0 (S), then G 0 (S)/H is a group with the (σ, ϕ)-property and its associated loop is a proper homomorphic image of S. Conversely, if S 1 is a proper normal subloop of S, then the homomorphism G(S) → G(S/S 1 ) induces the homomorphism G 0 (S) → G 0 (S/S 1 ) with a (σ, ϕ)-admissible kernel. Therefore the group G 0 is not (σ, ϕ)-simple.
Further, let K be a normal subgroup of N ϕ 0 , and K a prototype of K in N ϕ . It is obvious that the homomorphism N ϕ → N / K induces the homomorphism S → S/S 1 with the kernel S 1 = e K, where e is the identity element of S. If S is a simple loop, then eg = e for all g ∈ K. Using Corollary 1 to Theorem 1, we get K ⊆ I. Since the crossing I ∩ N is trivial, it follows that K is a ϕ-admissible subgroup of G(S). On the other hand,
A Bol loop satisfying the automorphic inverse property (xy)
An element of the Bol loop S of order a power of 2 is called a 2-element, and we say that S is a 2-element loop if every element of S is a 2-element. The following proposition describes a structure of the group G 0 that is associated with simple Bol loop S. Proof. If G 0 is a simple group, then N 0 = G 0 . Hence, the subgroup Ker(ϕ) in N 0 is a normal subgroup of G 0 . Obviously, Ker(ϕ) = G 0 . Therefore, Ker(ϕ) = 1. Using Theorem 1, we prove that S is a Moufang loop.
Proposition 2. If S is a simple Bol loop and H is a normal subgroup of
Let H be a proper normal nonidentity subgroup of G 0 and let for all x ∈ S. Using (2), we prove that S is a 2-element Bruck loop. The Proposition is proved.
By analogy with the notion of an algebraic group we define an algebraic Bol loop. One is a Bol loop S equipped with an algebraic manifold structure such that the product S × S → S and inversion S → S are regular maps (morphisms) of the algebraic manifolds.
Theorem 3. Every simple algebraic Bol loop is Moufang.
Proof. Let S be a simple algebraic Bol loop and Gr(S) its multiplication group. We denote by Gr r (S) and Gr l (S), respectively, the right and left multiplication subgroups of Gr(S) and consider the group Aut(S) of all invertible morphisms of S into itself. It is known [4] that Aut(S) has a natural structure of an algebraic group. Since multiplication group Gr(S) is a subgroup of Aut(S), it follows that Gr(S) is an algebraic group. Further, any algebraic group G has unique normal linear algebraic subgroup H such that the quotient group G/H is an Abelian manifold [5] . Let H is a normal linear algebraic subgroup of Gr(S). Since Ker(ϕ) ⊂ J G , it follows from Propositions 1 and 2 that either H = 1 or H = Gr l (S) or H = Gr(S) or H ≃ Gr r (S) and Gr(S) = H × H σ . If H = 1, then Gr(S) is an Abelian group and hence, S is a simple Abelian group. If H = Gr l (S) or H ≃ Gr r (S), then Gr r (S) is a linear algebraic group and an Abelian manifold simultaneously. It is possible only if Gr r (S) is the identity group. Let Gr(S) be a linear algebraic group and K be a radical of Gr(S). If K = 1, then either K = Gr(S) or K = Gr l (S) or K ≃ Gr r (S). In any case Gr r (S) is a solvable group. Since Gr r (S) is a simple group, it follows that it is an Abelian group and hence, S is a simple commutative Moufang loop. If K = 1, then Gr(S) is a simple group and S is a Moufang loop. This completes the proof of Theorem 3.
Finite simple Bol loops
Suppose S is a finite simple non-associative Bol loop. We denote by Gr r (S) and Gr l (S), respectively, the right and left multiplication groups of S. The following assertion describes a structure of the multiplication group Gr(S) of S. (3), it follows that
Hence the group N ϕ 0 θ is generated by a finite set of elements. It is obvious that every element of this set has a finite order and a finite number of conjugate elements. Let |S| = n. Then X = {P x 1 θ, . . . , P x n θ} is a set of generators of N ϕ 0 θ and conjugate to them. We shall show that every element of N ϕ 0 θ may be wrote as a word W of length n. Indeed, (P x i θ) 2 = 1. Hence,
Conjugating P x j θ by P x i θ, we get an element of X. Therefore we can diminish the length of W . In a finite number of steps we get a word of length n. It is easily shown that
where e is the natural logarithmic base. Using Corollary 2 to Theorem 2, we prove that N ϕ 0 is a finite simple group. Obviously, the groups N ϕ 0 and Gr r (S) are isomorphic. Now assume the involutory automorphism of N 0 induces an inner automorphism g → aga −1 of N ϕ 0 . Then a = a −1 and P x a = (P x a) −1 for all x ∈ S. Obviously, the set M = {P x a | x ∈ S} is a symmetric space with respect to the product P x a.P y a = P x aP y aP x a. As above, we choose an abstract symmetric space S ′ isomorphic to M , and let P ′ : S ′ → M be the corresponding isomorphism. Define a permutation representation of
and fix the basic point e in S ′ by the condition IP ′ e = I. Then by Theorem 1, the binary composition xy = xP ′ y turns S ′ into a 2-element Brack loop. Since N ϕ 0 is a simple group, it follows that it is isomorphic to Gr r (S ′ ). Suppose B is a finite Bruck loop such that each proper section of B is solvable, but B is not solvable. It is known [6] that B is a simple 2-element loop and the group Gr r (B) contains a normal subgroup H such that Gr r (B)/H ≃ P GL 2 (q) for some q ≥ 5. On the other hand, as proved above, Gr r (B) is a simple group. Since the group P GL 2 (q) is not simple, it follows that the loop B also is not simple. This contradiction supplies Corollary 1 before. Hence, the loop S ′ is solvable. Then by [6] , it follows that the group Gr r (S ′ ) is also solvable. Since Gr r (S ′ ) is a finite simple group, it follows that the loop S ′ ≃ Z 2 . Thus, the group Gr r (S) admits an outer involutory automorphism.
By proved above, N 0 is a subgroup of finite index in G 0 and Ker(ϕ) is a subgroup of finite index in N 0 . Therefore, K = Ker(ϕ) G 0 is a normal subgroup of finite index in G 0 . Suppose K is a proper normal subgroup of G 0 . Then by Proposition 2, if follows that S is a 2-element Bruck loop. As above, we get S ≃ Z 2 . 9
It is impossible. Hence, K = 1 and G 0 is a finite group. Using Propositions 1 and 2, we prove the theorem.
Corollary 1. Every finite Bruck loop is solvable.
Now let S be a finite simple Bol loop of odd order and T = {P x | x ∈ S} be the generating twisted subgroup of N ϕ 0 . By Glauberman's Z * -theorem [7] , N ϕ 0 has odd order and hence by the Feit-Thompson theorem it is solvable. Since N ϕ 0 is a simple group, it follows that The latter assertion may be amplified. For that we prove the following Proposition 3. Let A n (n = 6) be a simple alternating group, σ its outer involutory automorphism, and T a generating twisted subgroup of A n such that xx σ = 1 for all x ∈ T . If there exists a subgroup H of A n such that T is a set of representatives of right cosets of H, then n = 3.
Proof. If S n is a symmetric group and n = 6, then Aut(A n ) ≃ S n . Therefore the automorphism σ may be definite by x σ = (12)x(12) for x ∈ A n . If n = 3, then T = A 3 and all conditions of the proposition are fulfilled. Since the group A 4 is not simple, we can suppose that n 5 and n = 6. Let
